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In this paper, we present a unified framework of multiple attractors including multistability,
multiperiodicity and multichaos. Multichaos, which means that the chaotic solution of a system
lies in different disjoint invariant sets with respect to different initial values, is a very interesting
and important dynamical behavior, but it is never addressed before to the best of our knowledge.
By constructing a multiple logistic map, we show that multistability, multiperiodicity and multiple
chaos can exist according to different value of the parameter p. In the end, by the derived compact
invariant set of the Lorenz system, the multiple Lorenz chaotic attractors are constructed using a
sawtooth function.
I. INTRODUCTION
Ever since the establishment of classical control the-
ory by several famous scientists, namely Nyquist, Bode,
Harris, Evans, Wienner, Nichols et al in the beginning
of 20th century, most of the existing works have studied
the mono-stability and mono-periodicity of the dynami-
cal system. However, many physical and biological sys-
tems are known in which there are a multitude of coexist-
ing attractors [1–5]. Examples include systems from laser
physics, chemistry, semiconductor physics, neuroscience,
and population dynamics, see reference [6] and the ref-
erences therein. Due to its significant applications on
neural networks (NNs) with respect to associate memory
pattern, recognition and decision making, the topics on
multistability and multiperiodicity of NNs began to gain
a lot of attention and have been investigated intensively
in the past decade [7–11]. Moreover, in a sense, multista-
bility is a necessary property in NNs in order to enable
certain applications where mono-stability networks could
be computationally restrictive [12].
Due to the cornucopia of opportunities and rich flex-
ibility provided by the chaotic system, chaos, as a very
special dynamical behavior in nonlinear system, has been
thoroughly investigated in the recent years[13–23]. Top-
ics include stabilization, anti-control and synchroniza-
tion of chaotic system. Although their are a lot of re-
search about chaos, multichaos, which means that the
chaotic solution of a system lies in different disjoint in-
variant sets with respect to different initial values has
never been talked and studied. Multistability, multiperi-
odicity as well as multichaos are different properties of
the solutions in disjoint invariant sets, the research on
multichaos in systems with disjoint invariant sets has
the same significance as the research of chaos in mono-
system. Although there should be multichaos solution
of a system after the multistability and multiperiodicity
solution have been found, nobody has given an exact ex-
ample to demonstrate the multichaos phenomenon thus
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far. In this paper, by construction of a multiple logistic
map, we can observe the multichaos phenomenon which
help us understand the more complicated case in dynam-
ical systems.
II. A MULTIPLE LOGISTIC MAP
A. definitions
Definition 1: Let S be a compact subset of Rn. The S
is said to be a positive invariant set of the n dimensional
continuous system x˙ = f(x) or the discrete map x(n +
1) = f(x(n)) if their solution trajectories will not get out
once entered S.
Definition 2: If there exist two or more disjoint positive
invariant sets for the n dimensional continuous system
x˙ = f(x) or the discrete map x(n+ 1) = f(x(n)) in Rn,
and the solution in every disjoint set is chaotic, then this
phenomenon is called multichaos and the above systems
are called multichaotic system.
Remark 1:The multichaotic system is different from
multi-wing chaotic system discussed by Simin Yu et al
[24], Xinzhi Liu et al [25], where the multi-wing chaotic
system contains only one positive invariant set.
B. multiple attractors in multiple logistic map
With the advent of fast computers, the numerical in-
vestigations of chaos have increased considerably over the
last three decades and by now, a lot is known about
chaotic systems. One of the simplest and most trans-
parent systems exhibiting order to chaos transition is the
logistic map. In this subsection, we give a unified frame-
work which is constructed by multiple logistic map to
demonstrate multistability, multiperiodicity and multi-
chaos according to the different value of the control pa-
rameter p.
The logistic map is defined by
x(n+ 1) = f(x(n)) = px(n)(1 − x(n)), (1)
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FIG. 1: value of F (x) as x varies from -3 to 3
where x(n) a number between zero and one, and repre-
sents the ratio of existing population to the maximum
possible population at year n, and hence x0 represents
the initial ratio of population to maximum population
(at year 0), p is a positive number, and represents a com-
bined rate for reproduction and starvation. Here in this
paper, we assume p is a number between zero and four.
As we all know, the Eq.(1) will demonstrate stable fixed
points, period-2, period-4, period-8, · · · and chaos dy-
namics according to different p. Specifically, when p is
between 0 and 3, there exists a fixed points; when p is
between 3 and approximately 3.57, there are periodic os-
cillations; when p is larger than approximately 3.57, the
Eq.(1) will undergo chaotic behavior.
Next, a multiple logistic map F (x) is redefined by con-
necting f(x) and extending its domain infinitely instead
of only in the invariant set (0, 1). Below is the definition
of F (x): Let Z be the set of all integers, for any k ∈ Z,
when k ≤ x < k + 1
{
F (x) = p(x− k)(k + 1− x) + k, when k > 0
F (x) = −p(x− k)(k + 1− x) + k + 1, when k < 0
.
(2)
When x ∈ [−3, 3], let p = 3.8, the figure of F (x) is given
in Fig.1.
For any x0 ∈ (k, k + 1), the solution of x(n + 1) =
F (x(n)) lies within (k, k + 1) beginning the the initial
x0. According to definition 1, it is evident that for any
k ∈ Z, the set (k, k+1) is positive invariant set of F (x).
The proof is trivial, thus it is omitted here. It is also
very evident that there are infinite positive invariant sets
because there are infinite integers.
Next, we demonstrate that multistability, multiperiod-
icity and multichaos can exist in the discrete map Eq.2
using simulation examples. In Fig.2-5, four different ini-
tial values which lie in the four positive invariant sets
(−1, 0), (0, 1), (1, 2) and (2, 3) respectively are chosen
for each p in the four figures. The initial values are
the -0.4, 0.5, 1.4, 2.4. Fig.2 demonstrates multistabil-
ity when p = 2.9, with each solution orbit residing on
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FIG. 2: multistability when p = 2.9
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FIG. 3: multiple period-2 when p = 3.3
a fixed point which lies in the corresponding positive in-
variant sets. Fig.3 and Fig.4 shows multiple period-2 and
period-4 solution with p = 3.3 and p = 3.5 respectively.
Fig.5 presents multichaos phenomenon when p = 3.8.
III. CONSTRUCTION OF MULTICHAOS
BASED ON LORENZ SYSTEM
In the last section, we give an example to show the
existence of multichaos in an one-dimensional map. In
this section, a continuous three-dimensional system that
exhibits multichaotic behavior is constructed based on
Lorenz system. By defining a sawtooth function, the
phase space is divided into infinite squares. In each
square, there is a positive invariance set in which Lorenz
attractors are defined. The well known Lorenz system
[26] is given below:
x˙ = σ(y − x),
y˙ = x(ρ− z)− y,
z˙ = xy − βz.
(3)
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FIG. 4: multiple period-4 when p = 3.5
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FIG. 5: multichaos when p = 3.8
When σ = 10, β = 8/3 and ρ = 28, the system 3 ex-
hibits chaotic behavior. According to Ref.[27], Lorenz
system has only one positive invariance set. Let A be
the positive invariance set, then the set A is given be-
low by calculating the result derived by Ref.[27], which
is A = {x, y, z|x2 + y2 + (z − 38)2 ≤ 1540.3}. Let
B = {x, y, z| − 100 < x, y, z < 100}. Apparently, A is
the subset of B. When the initial value (x(0), y(0), z(0))
belongs to A, the trajectory of 3 will not get out accord-
ing to the definition of positive invariant set. In order to
generate Lorenz-like multichaotic attractors, a sawtooth
function and a novel multichaotic lorenz system is de-
fined. The sawtooth function g(x) is defined as below:
g(x) = mod(x + 100, 200)− 100. (4)
When −400 < x < 400, g(x) is depicted in Fig.6.
For simplicity, denote X = g(x), also, Y and Z are de-
fined likewise. The multichaotic system based on Lorenz
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FIG. 6: value of g(x) as x varies from -400 to 400
system is given as below:
x˙ = σ(Y −X),
y˙ = X(ρ− Z)− Y,
z˙ = XY − βZ.
(5)
When the initial value lies in the compact set A, the
solution of 5 will be exactly like 3 and thus exhibit-
ing a typical double wing strange attractor. Denote
C = {(x, y, z)|(x − 200k)2 + (y − 200m)2 + (z − 38 −
200n)2 ≤ 1540.3, ∀k,m, n ∈ Z}. It is obvious that C
is composed of infinite disjoint compact subsets. For
an initial point (x0, y0, z0) starting from any of the
disjoint sets of C, there is a transformation satisfy-
ing (x0 − 200k, y0 − 200m, z0 − 38 − 200n) ∈ A. Let
P = x− 200k,Q = y− 200m,R = z− 38− 200n, then the
equation 5 with the initial point lying in one of the sub-
sets of C will be transformed into the following equation:
P˙ = σ(Q − P ),
Q˙ = P (ρ−R)−Q,
R˙ = PQ− βR,
which is the same with the case of Eq.3 with a initial
point starting from A. It is very easy to prove that any
orbit starting from a initial point lying in C will not get
out of a positive invariant set determined by the specific
value of k,m, n. A simulation result is given to verify the
coexistence of multichaotic attractors in Fig.7. There are
eight chaotic attractors in Fig.7, with each starting from
different positive invariant subsets of C.
IV. CONCLUSIONS
In this paper, we give the definition of multichaos
which is never defined before. By constructing a multi-
ple logistic map, we show that the map can exhibit mul-
tistability, multiperiodicity and multichaos according to
different p. Then the continuous multiple Lorenz chaotic
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FIG. 7: Coexistence of eight chaotic attractors
attractors are constructed using a sawtooth function. By
calculating the positive invariant sets, we show that ini-
tial points starting in the positive invariant sets will not
get out and will exhibit chaotic dynamical behavior in
each disjoint positive invariant set.
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